A number of enzymes reportedly exhibit enhanced diffusion in the presence of their substrates, with a Michaelis-Menten-like concentration dependence. Although no definite explanation of this phenomenon has emerged, a physical picture of enzyme self-propulsion using energy from the catalyzed reaction has been widely considered. Here, we present a kinematic and thermodynamic analysis of enzyme selfpropulsion that is independent of any specific propulsion mechanism. Using this theory, along with biophysical data compiled for all enzymes so far shown to undergo enhanced diffusion, we show that the propulsion speed required to generate experimental levels of enhanced diffusion exceeds the speeds of well-known active biomolecules, such as myosin, by several orders of magnitude. Furthermore, the minimum power dissipation required to account for enzyme self-propulsion markedly exceeds the chemical power available from enzyme-catalyzed reactions. Alternative explanations for the observation of enhanced enzyme diffusion merit strong consideration.
Introduction
The apparent diffusion coefficients of various enzymes, as measured typically by fluorescence correlation spectroscopy, have been observed to increase in the presence of substrate. Examples include FoF1-ATP synthase [1] , T7 RNA polymerase [2] , T4 DNA polymerase [3] , bovine catalase [4, 5] , jack bean urease [6, 4, 5] , hexokinase [7] , fructose biophosphatase aldolase [8, 7] , alkaline phosphatase [5] and acetylcholinesterase [9] . However, the mechanisms underlying these observations remain largely unexplained. For some enzymes, further experimentation has ruled out certain potential mechanisms for enhanced enzyme diffusion (EED), including one mediated by local pH changes [6] , and propulsion by bubble formation [4] . In a number of cases, the increase in diffusion coefficient relative to baseline has been found to be approximately proportional to the catalytic rate of the enzyme, with a Michaelis-Menten relationship to substrate concentration [5] . This proportionality has naturally led to the suggestion that the chemical reaction catalyzed by the enzyme is a driver of the diffusion enhancement. Indeed, larger, synthetic Janus particles are propelled by the catalysis of reactions at one face of the particle and not the other [10] . Accordingly, a number of possible mechanisms for the transduction of chemical energy into mechanical propulsion of enzymes have been proposed. These include mechanical swimming [11, 4] , pressure waves generated by exothermic reactions [5] , and selfdiffusiophoresis [12] . However, these specific mechanisms of EED have been debated [13, 8] , and none have been proven. Here, we step back from specific propulsion mechanisms and instead analyze the kinematics and thermodynamics of enzyme self-propulsion generically.
Theoretical Analysis and Results
The degree to which translational diffusion is enhanced may be expressed as:
where ∆D = D app − D t is the difference between the observed, or apparent, diffusion constant, D app , and the baseline diffusion constant in the absence of enhancement, D t . Thus, R is the relative diffusion enhancement. We consider an enzyme that, within each catalytic cycle, self-propels for a time t p ≤ t c , where t c is the enzymologic turnover time. The magnitude of the propulsive force, F , is considered to be constant during t p . (The consequences of a more complex time-dependence are considered in the Appendix.) For an enzyme in liquid water, the Reynold's number is very low. Therefore, the dynamics of the enzyme are overdamped, and the propulsion velocity has a constant magnitude v ∝ F while the propulsion is active. The vector of the propulsive force and velocity is considered fixed within the enzyme's internal frame of reference, but it reorients continuously in the lab frame due to rotational Brownian motion of the enzyme. The enzyme is modeled as a hard sphere with radius a, moving in liquid water with viscosity η, so that the Stokes-Einstein equations may be used to estimate D t and the rotational diffusion coefficient D r :
Analytical solutions of the overdamped Langevin equation for self-propelled particles have been developed by Hagen et al. [14] . In EED experiments, the diffusion coefficient is measured over times much greater than the enzyme's turnover time, which is in turn much greater than the rotational relaxation time of the enzyme, τ = (2D r ) −1 ∈ [ 10 −9 s, 10 −6 s] [15] . In such setting Hagen et al.'s Eq 34 applies and yields the mean square displacement as a function of time as:
where we have inserted the term t p /t c to account for the fact that self-propulsion acts to raise the diffusion constant only during this fraction of the time. Recognizing that D app = ∆r 2 / (6t), using Eq 2, and employing Stokes law, F = 6πηav to replace force with velocity, one may rewrite Eq 3 as
The first term is the contribution of normal Brownian motion, and the second term is the contribution from self-propulsion. The enhancement ratio, R, then is
Thus, the propulsion speed required to achieve a given level of diffusion enhancement R is given by
Equation 6 may be used to estimate the propulsion speeds needed to account for experimentally observed diffusion enhancements. Here, weset t p = t c to find the minimum thrust speed, v min , that would explain the diffusion enhancement. This is conservative, in the sense that larger speeds are required when t p < t c . We assume room temperature, the viscosity of liquid water, and a typical enzyme diffusion enhancement of R = 0.2 [5] . Thus, v min (m/s) = 0.21a −2 (a in nm), depending only on the radius of the enzyme. For catalase, a = 5.3nm [16] , so the minimum propulsion speed v min = 7 × 10 −3 m/s. Similar values of v min are obtained for the other enzymes that showed EED in experiments, because their radii are similar to catalase (Table 1 ). These speeds, which amount to ∼ 10 6 enzyme radii per second, are implausibly high. By way of comparison, a human sperm cell swims at about 5 × 10 −5 m/s; a chemically propelled Janus particle of radius 960nm has a propulsion speed of ∼ 3.1 × 10 −7 m/s [17] ; and the fast motor protein myosin XI has a reported speed of 4 × 10 −6 m/s [18] . Furthermore, we anticipate that any thrust generated by enzymatic catalysis will persist only for a small fraction of the enzymologic turnover time; i.e., in all likelihood t p t c . As a consequence, based on Eq 6, even higher propulsion speeds would be needed during the short t p intervals to explain observed values of R.
This analysis remains consistent with the observation that larger particles, e.g. Janus particles, can achieve substantial enhancements of diffusion via self-propulsion [10] . This is because, for larger particles, a given propulsion velocity leads to higher values of R, mainly through the dependence of D r on size. Intuitively, the longer the rotational correlation time, the greater the effect of propulsion on the root mean square displacement. Thus, self-propulsion is much more effective at enhancing the diffusion of large particles than that of small particles, such as enzymes.
We now consider the power required for a self-propelled particle to achieve observed levels of enhanced diffusion. To do this, we first need to address the energetic efficiency of the self-propulsion mechanism itself. Rather than make any mechanistic assumptions, we make the most conservative assumption -i.e., the one requiring least power -by using the minimum energy dissipation theorem. This says that, at low Reynolds number, no propulsion mechanism is more efficient than dragging the particle by external force in a Stokes flow [19, 20, 21, 22, 23] . For example, the propulsion likely generates non-Stokes flow field around the enzyme, resulting in higher viscous dissipation integrated over whole space than in Stokes flow; the propulsion might rely on local chemical gradients, imposing an additional entropy production term as the chemical gradients spontaneously dissipate. Accordingly, we consider the power to drag an enzyme molecule in Stokes flow at the propulsion speed required to generate enhanced diffusion with R = 0.2. Inserting v from Eq 6 into Stokes law, F = 6πηav, we obtain the required power averaged over the full catalytic cycle:
For catalase, with a = 5.3nm, the result is P req = 3 × 10 6 kJ s −1 mol −1 . The turnover rate of catalase is about 10 4 s −1 under conditions which yield a R = 20% [5] , so the power requirement corresponds to a minimum required reaction free energy of ∆G o req = −300kJ/mol −1 . This is well above the actual standard free of reaction, ∆G • = −95kJ mol −1 , computed from the standard free energy of formation of the reactant and products [24] . For other fast enzymes, the required reaction free energies range from 100 to 400kJ mol −1 , while for enzymes with lower turnover rates, the required reaction free energies range up to 5 × 10 6 kJ mol −1 (Table 1 ). These required reaction free energies are far larger than what is available from the free energy of the chemical reactions catalyzed by the enzymes. For example, for alkaline phosphatase, ∆G • = −8.5kJ mol −1 ; for urease, ∆G • = −20kJ mol −1 [25] . The magnitudes of the reaction free energies in Table 1 may be put into perspective by considering that the standard free energy of hydrolysis of ATP, the cell's energy currency, is only about -32 kJ mol −1 [26] .
Examination of Assumptions and Approximations
We have made several assumptions in this analysis that are conservative, in the sense of lowering the estimate of the power required to achieve a certain level of enhanced diffusion. First, we used the minimum energy dissipation theorem to estimate the minimum power required for a given propulsion velocity, so any actual propulsion mechanism must require more power than this estimate. This makes it even less probable that the actual required power could be provided by the chemical energy of the reactions catalyzed by enzymes undergoing enhanced diffusion. Second, we assumed that the propulsion mechanism increases the apparent translational diffusion coefficient without increasing the enzyme's rotational diffusion coefficient, D r . We are not aware of any experiments that report on the rotational diffusion rates of enzymes undergoing translational EED, but any translational propulsion mechanism would probably also increase the rate of rotational diffusion. For example, the rotational diffusion coefficient of 30nm Pt-Au Janus particles increases by up to 70% when they are catalytically active and undergoing enhanced translational diffusion [10] . This is relevant to the present analysis, because, as evident from Eq 4, increasing D r would further increase the velocity v needed to achieve a given level of D app . Therefore, even more power would be required, again making EED harder to explain on the basis of catalysis-driven self-propulsion. Finally, we have assumed that the thrust speed v is constant during the interval t p . Using Fourier analysis, we show in the Appendix that allowing v to be time-varying during t p could only increase the thrust speed and power required to achieve a given degree of diffusion enhancement.
The Appendix also proves a more implicit but intuitive assumption we have used, that diffusion enhancement and power requirements scale linearly with the duty ratio t p /t c . This is found to hold as long as any significant high frequency components in the thrust velocity are slow relative to the rotational diffusion time of the enyzme. Intuitively, if a high frequency component of the thrust speed reverses direction before the enzyme has had time to reorient, the motion due to this component can be canceled in the lab frame, leading to a minimal contribution to the net translational displacement. In contrast, if the enzyme has time to rotate before the thrust component reverses, the reversed component will act in a different direction in the lab frame, leading to less cancellation and more net displacement.
It is also worth commenting on our use of the Stokes-Einstein equations with stick boundary conditions. This approximation is justified by several considerations. First, changing to slip boundary conditions would merely replace the factor of 1/6 in the Stokes-Einstein equation by a factor of 1/4, which would not change our conclusions. Additionally, simulations of spherical macromolecule-sized particles in solution yield translational diffusion coefficients that are bracketed by the results of the Stokes-Einstein equation computed with stick and slip boundary conditions, using the geometric radii of gyration of the solutes [27] . And if one assumes stick boundary conditions in mapping from measured translational diffusion coefficients of proteins in water to effective radii and then from radii to the predicted rotational diffusion coefficient, the results agree with experiment to within about 50% [16] . Interestingly, the actual rotational diffusion constants tend to be higher, rather than lower, than those predicted by Eq 2 [28] . Correcting in this direction would only strengthen our conclusions, because increasing D r means that even more power is required for a given value of R. Finally, treating the enzymes for which enhanced diffusion has been observed as spherical is reasonable for these globular proteins; highly nonspherical, e.g. rod-like, proteins, may deserve further analysis.
Finally, our assumption that each enzyme molecule moves independently of the other enzyme molecules in solution is justified by the fact that, at the very low concentrations, about 10 nM, used in typical enzyme diffusion measurements, we found any hydrodynamic interactions to be negligible, according to the hydrodynamic interaction model of Mikhailov et al. [29] .
Discussion
The present analysis shows that the propulsion speeds required to explain the enhanced diffusion of enzymes are implausibly large. More fundamentally, the power levels needed to cause observed levels of diffusion enhancement, by any self-propulsion mechanism, are much greater than those available from enzyme-catalyzed chemical reactions. For most enzymes, the power requirement is orders of magnitude too great, and even for the fastest enzyme considered, catalase, the power required is three times that available from the chemical reaction. Moreover, the power actually required to generate observed levels of diffusion enhancement is probably greater than our estimates, because we have used conservative approximations that lead to lower estimates of the required power. However, the power required for a given level of diffusion enhancement decreases sharply with increasing particle size. This is chiefly because the propulsion direction of larger particles randomizes more slowly, so the contribution of propulsion to translational diffusion is increased. Therefore, our results remain consistent with experimental observations that self-propulsion of micron-scale particles with metallic catalytic surfaces [10] or immobilized enzymes [38] leads to significantly enhanced translational diffusion. Overall, we conclude that EED cannot be explained by self-propulsion powered by the chemical energy of the It is thus of interest to consider other explanations for EED. One possibility is an increase in normal, thermally driven, translational diffusion. This could result from a decrease of the mean hydrodynamic radius of the enzyme in the course of the catalytic cycle, as recently noted [8, 39] . Alternatively, it has been proposed [40] that the catalytic cycle might raise the temperature of nearby solvent enough to increase the enzyme's diffusion constant, through η and T in Eq.2. However, the viability of this explanation appears to rely on use of the thermal conductivity of air, rather than water [40] , as the effect becomes negligible when the thermal conductivity of water is used. Global heating of the solution due to release of chemical energy is also insufficient to explain observed diffusion enhancement [5, 41] . It is worth noting, too, that exothermicity, and even chemical catalysis itself, are not required for at least some instances of EED [8, 2] .
Thus, the mechanisms of EED remain obscure. Further experimental studies may help solve this puzzle. It has been suggested [42, 13] that fluorescence correlation spectroscopy measurements may be subject to experimental artifacts, such as subunit dissociation and fluorophore quenching, and that further controls may therefore be of great value. In addition, alternative technologies, such as NMR diffusion spectroscopy [43, 44] , may be informative. In addition, direct tracking of single enzyme molecules [45] could be useful both to confirm the phenomenon and also to provide details that might bear on mechanism. For example, if there are large displacements at intervals corresponding to the catalytic rate, this would implicate catalysis in the mechanism.
Appendix: Fourier analysis of time-varying thrust

General analysis
The derivation in the main text treats the self-propulsion thrust as constant during an interval t p within each catalytic cycle of duration t c ≥ t p . Here, we examine the consequences of a more general time-varying thrust. We make the reasonable assumption that the time over which the translational diffusion constant is measured, T , is much larger than the duration of catalytic cycle, t c (ms to s), which in turn is is much larger than the rotational relaxation time τ ≡ (2D r ) −1 of the enzyme (ns to µs). We address the effect of time-varying propulsion on translational diffusion by expanding the propulsion speed in a Fourier series, as previously done by Lauga in the context of reciprocal swimming [46] , and extend the analysis to determine how time-variation affects the efficiency with which propulsive power generates enhanced diffusion.
Consider an enzyme with a time-dependent, self-propulsion speed v(t), whose translational diffusion is evaluated from time t = 0 until the end of some experimental time, T . As in the main text, the direction of the propulsion is fixed in the enzyme's frame of reference and therefore reorients in the lab frame of reference due to rotational diffusion of the enzyme. After periodic extension, v(t) can be expanded into a Fourier series:
This time-varying propulsion speed generates an increment in the translational diffusion coefficient given by Lauga's equation 7 [46] ,
where we have inserted missing angle brackets, indicating an ensemble average over reference time t in the integral. This expression yields a well-defined result because T τ . Substitution of the Fourier series into this expression yields:
This equation decomposes the diffusion enhancement into contributions from each Fourier component. The mean power consumption, P = 6πηa v(t) 2 , may similarly be decomposed into contributions from each frequency component,
Here, we have used the orthogonality of the Fourier components to eliminate cross terms, and have made the substitutions cos 2 2nπ T t = sin 2 2nπ T t = 1/2. Comparing Eq.10 and Eq.11 reveals that, given a set of amplitudes c 0 , c 1 , ..., c n , d 1 , d 2 , ...d n , higher frequency components (i.e., ones with larger subscripts) generate smaller contributions to the diffusion coefficient but equal contributions to the power consumption. The efficiency of diffusion enhancement, normalized to that for constant propulsion, is given by Eq 10 and Eq 11 as ξ ≡ 18πηa τ ∆D P . It is apparent from the present analysis that the efficiency is greatest when only the constant thrust component, c 0 , is nonzero; i.e., when the thrust speed is constant during the enyzme's catalytic cycle, as assumed when considering the minimum thrust speed in the main text. Any variation in thrust over time can only reduce ξ to below one. Thus, "scheduling" the thrust can not decrease the power needed for a given level of diffusion enhancement, to below the power needed for constant thrust.
Special case of a square-wave thrust schedule
In the main text, we assumed a square wave thrust schedule, with constant nonzero thrust during t p < t c and zero thrust during the rest of t c . We argued that the diffusion enhancement and the minimal power dissipation both scale linearly with the duty ratio t p /t c . For diffusion enhancement, it should be apparent that this holds, because the ensemble average in Eq 9 is proportional to the portion of time when v(t) is non-zero. Nonetheless, it is of interest to confirm these arguments numerically within the Fourier analysis. To do this, we consider the speed to be v(t) = v 0 when t ∈ (− tp 2 , tp 2 ), and v(t) = 0 elsewhere in t ∈ (− tc 2 , tc 2 ). The corresponding Fourier series is: Figure 1 : Numerical calculation confirms the linear relationship between the ratio t p /τ and the diffusion enhancement, given relative to the case t p = t c . The value of t c and τ correspond to urease from Table  1 .
Inserting these expressions into Eq 10, with τ /t c = 0.01, which corresponds to the case of urease, yields the expected linear variation of ∆D with t p , as shown in Figure 1 . We next examine the efficiency, ξ, for this square wave thrust schedule:
For constant speed with t p = t c , this yields ξ = 1. The loss in efficiency when t p < t c then is given by:
where we have used Parseval's theorem to evaluate the denominator and then inserted Eq 14. For given values of τ and t c , the maximum drop in efficiency is expected to happen when t p is much smaller than t c , as this increases the weight of the high frequency components of the thrust velocity. Focusing, then, on this low-efficiency limit, we can approximate the summation with an integral and then evaluate the integral using the residual theorem:
Consequently, as t p τ is expected for the enzymes, the efficiency will remain near unity, even under the extreme assumption that t p t c . This result supports our approximation in the main text that the efficiency of the square-wave thrust schedule is proportional to t p . It also shows that our assumptions are conservative, because not invoking this approximation would decrease the efficiency and further increase the power requirement. The analytical result in Eq 16 is elaborated by numerical calculations of the drop in efficiency ξ, as drawn in Figure 2 . Here, t c /τ spans the range of this ratio found for the enzymes in Table 1 , from 100 for urease to 3 × 10 6 for DNA polymerase. Three values for t p /τ are used, subject to the requirement that t p < t c .
The near proportionality of both ∆D and P to t p may be understood more intuitively by reference to Eq 10 and Eq 11. Because the denominator in Eq 10, 1 + ( nτ π 2tc ) 2 , is near unity except for very large n, low-frequency components deviate only very slightly from the zeroth component in efficiency. On the other hand, high-frequency components with large n have negligible amplitudes, as c n ≤ 2 nπ , so they do not alter efficiency either. Therefore, the diffusion enhancement and the power requirement both scale near-linearly with duty ratio t p /t c , leading to near-uniform efficiency. It is of interest to note, however, that efficiency would fall if there were significant oscillations in v(t) on the timescale of τ or smaller. In this regime, the velocity reverses direction before the enzyme has had time to rotate, so there is little net displacement due to the thrust. In contrast, when the velocity does not reverse until the enzyme has had time to rotate, the net effect of the time-varying thrust is to generate randomly directed displacements, which contribute to the apparent diffusion constant. 
